In Lake Zu$ rich, populations of the cyanobacterium Planktothrix rubescens develop in the metalimnion during the summer and become gradually entrained in the deepening surface mixed layer during the autumn. It had previously been demonstrated that the daily integrals of photosynthetic production accounted for the growth observed in the metalimnion and greatly exceeded the smaller increase during the autumn. We have now determined the relationship between growth rate (µ) and irradiance (I ) in cultures of P. rubescens strain Pla 9316 maintained at 20mC on a 12 : 12 h light : dark cycle : the highest net growth rate averaged over the 24 h (µ h ) was 0.123 d −" , the dark rate (µ D ) was k0.020 d −" , the gross rate (φ m l µ h kµ D ) was 0.144 d −" , the affinity coefficient (α) was 0.0273 (d µmol m −# s −" ) −" and the compensation point (I C ) was 1.76 µmol m −# s −" . Using the corresponding coefficients calculated for the light period (µ Lh l 0.267 d −" , φ Lm l 0.287 d −" and α L l 0.0547 (d µmol m −# s −" ) −" ), instantaneous growth rates could be calculated from the irradiance. Comparison with growth rates at 10mC indicated a Q "! of 1.48. These coefficients were used in a modification of the Smith equation to calculate potential growth rates of Planktothrix from the irradiance and temperature at each time and depth in Lake Zu$ rich. Data on irradiance, vertical light attenuation and temperature were used to calculate the daily integrals of biomass increase over a period of 136 d. These growth integrals gave a closer correspondence to the observed population increase than the photosynthetic integrals calculated previously from measurements made with lakewater samples dominated by Planktothrix. Photosynthetic measurements made with the Planktothrix culture indicated a maximum rate of carbon increase (0.467 d −" ) that exceeds the maximum growth rate, which suggests that other factors limit growth over long periods.

Growth of phytoplankton is dependent on light for photosynthesis. There have been many investigations of the relationship between photosynthesis and irradiance in natural waters and several methods have been developed for calculating the daily integral of photosynthesis in natural water columns (Manning & Juday, 1941 ; Talling, 1957 ; Vollenweider, 1965 ; Fee, 1973 ; Platt et al., 1990 ; Walsby, 1997) . Since photosynthesis provides most of the increase in organic matter in phytoplankton there is an expectation that measurement of the process will provide estimates of potential growth.
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In natural conditions, however, increases in phytoplankton biomass might be limited by nutrient availability and might not achieve the levels permitted by photosynthetic production (Tilzer, 1984) . Even under optimal conditions of nutrient availability, the rate of carbon incorporation into new cell material might not keep pace with the rate at which it is fixed, and the excess might be lost by oxidation or excretion. Reynolds & Irish (1997) discussed the ensuing problems in deriving a potential rate of cell replication from a measured or modelled rate of carbon fixation. To avoid these problems they constructed models of the development of phytoplankton populations that are based on measurements of algal growth rates rather than on measurements of photosynthesis.
Several groups have investigated the relationship between growth and irradiance in planktonic cyanobacteria of the Oscillatoriales ; we use here the names of these organisms revised by Anagnostidis & Koma ' rek (1988) . Foy & Smith (1980) showed that while the growth rate of Planktothrix (Oscillatoria) agardhii increased with the length of the light period in a daily light : dark cycle, the efficiency with which the light was used to produce growth decreased with daylength, apparently owing to limitations on carbohydrate storage during a long light phase and on carbohydrate conversion into protein in a short dark phase. Post et al. (1985) found that although the maximum growth rate of another strain of Planktothrix agardhii was less under a light : dark cycle than under continuous irradiance, the photosynthetic efficiency and growth yield were both higher. Foy & Gibson (1982) investigated the photosynthesis\ irradiance (P\I ) responses of 20 strains of planktonic cyanobacteria and reported that several strains of Planktothrix showed high light-harvesting efficiency (α) at low irradiance, a rather low maximum photosynthetic rate (P m ) at saturating irradiances and little photoinhibition at the highest irradiances. Gibson & Foy (1983) found no photoinhibition of growth rates under short light periods in Limnothrix (Oscillatoria) redekei. It is inevitable that different strains will have differences in growth rates ; Bright & Walsby (1999) have commented that even the increased costs of making narrower gas vesicles in some strains of Planktothrix in Lake Zu$ rich might result in lower growth rates.
Under standard conditions it should be possible to relate the rate of photosynthesis directly to the rate of growth. If measurements of photosynthetic rate are expressed as the rate of carbon fixation in relation to the mass of cell carbon, then the rate constant (in units of d −" ) can be compared with the exponential growth rate (µ). Photosynthetic rates determined in this way for the planktonic cyanobacterium Anabaena flos-aquae (Shear & Walsby, 1975) were found to correspond closely to growth rates (made by W. Zevenboom, unpublished) at lower photon irradiances but to exceed the growth rates at higher irradiances (Van Liere & Walsby, 1982) . Both sets of measurements were made in a culture medium that lacked combined nitrogen (Anabaena flos-aquae fixes N # ) but should otherwise impose no nutrient limitation. A similar analysis can be made of the measurements shown in Fig. 4 of Feuillade & Feuillade (1987) on a strain of Planktothrix rubescens ; the maximum photosynthetic growth rate (at 20mC and a photon irradiance of 18 µmol m −# s −" ) was c. 1000 nmol C h −" mg −" of dry mass. Assuming that carbon is 49% of dry mass (see Walsby et al., 1997) , this is equivalent to a relative growth rate in cell carbon of 0.60 d −" , which only slightly exceeds the measured growth rate of 0.55 d −" under the same conditions, and indicates a conversion of carbon to growth of 90%. At most higher temperatures and irradiances the conversion efficiency was lower.
In a previous paper we compared the biomass increase and photosynthesis of a population of Planktothrix rubescens in the metalimnion of Lake Zu$ rich (Micheletti et al., 1998 ) over a period of 136 d (10 July-22 Nov 1995). The increase in the population was determined by integration of the filament volume concentration at different depths. The daily integrals of photosynthetic carbon fixation (from oxygen-production rates) were calculated from measurements of irradiance, temperature and biomass as they varied through depth and time each day, using the integration spreadsheets of Walsby (1997) . Photosynthesis was related to cell carbon, estimated from probable ratios of C : dry mass and dry mass : cell volume. During the first 8 d of the study, part of the population increase was due to recruitment of filaments floating up from greater depths but for all of the subsequent period photoautotrophic production exceeded growth by as much as nine-fold. While this investigation clearly demonstrated that photoautotrophy could easily account for the observed growth of the deep-dwelling population, it also indicated that the rate of growth in the population was less than that predicted from the rate of photosynthetic carbon fixation.
We have now investigated the relationship between growth rate and irradiance (µ\I) in a strain of Planktothrix rubescens isolated from Lake Zu$ rich. From mathematical descriptions of this µ\I relationship we have computed the potential growth rate of the organism using the same procedures used previously for computing the daily integral of photosynthesis from P\I. These calculations show closer agreement with the observed rates of population increase.
  

Cyanobacterial cultures and growth rates
Two strains of Planktothrix rubescens, isolated from Lake Zu$ rich in 1993 statted waterbath with illumination from below using warm white fluorescent tubes on a 12 : 12 h light : dark cycle. The incident irradiance was adjusted by interposing exposed photographic films between the light source and the waterbath. External sources of light were excluded by enclosing the flasks in sections of grey PVC plastic pipe with light-tight lids allowing air circulation (Fig. 1) . The irradiance at the base of (I ! ) and immediately above (I b ) the Planktothrix suspension inside each flask was measured with a quantum sensor (SD101Q Cos ; Macam Photometrics, Livingston, UK) each time the culture was sampled ; I ! remained constant but I b decreased as the culture grew. The mean irradiance within the culture was calculated as Walsby, 1982) . Three 1-ml samples were removed from each flask at intervals of 2-8 d over a period of up to 50 d. After application of a pressure of 1.6 MPa to collapse gas vesicles, filament concentrations were determined from measurements of absorbance at 750 nm. Similar procedures were followed with strain Pla 9303.
Relationships of absorbance, filament volume and dry mass
The filament volume concentration (V ) in the cultures was determined by the absorbance measured at 750 nm in cuvettes of pathlength 1 cm : calibration curves indicated that the relationship for The concentration of filament volume was determined from measurements of filament length. Culture samples (1.0 ml) diluted in 50 ml of water were filtered onto cellulose nitrate membrane filters (pore size 3 µm). The total filament length (ΣL) on the filter was determined by epifluorescence microscopy and computer image analysis (Walsby & Avery, 1996) . Filament width (6.14p0.53 µm) was measured using ai100 oil immersion objective with filaments mounted in culture medium in a 20-µm deep counting chamber ; computer images were made of 100 filaments and 5 widths of each filament were analysed using Synoptics PC-Image software (Synoptics, Cambridge, UK). Total filament volume was calculated as ΣV l ΣLi29.6 µm#.
The relationship between filament volume and dry mass was determined by filtering 50 ml of culture onto a preweighed 50-mm diameter nitrocellulose membrane filter, drying to constant mass and reweighing. The ratio of filament volume : dry mass was 5.12 mm$ mg −" (i.e. the mass per filament volume was 0.195 mg mm −$ ).
Measurements of photosynthetic oxygen production and irradiance
The rate of photosynthetic oxygen production was made with an apparatus similar to that described by Dubinsky et al. (1987) suspension between 3-mm thick glass windows. It was illuminated by a Kodak slide projector with a 250-W tungsten-halogen bulb (Osram) 260 mm from the front of the chamber. The zoom lens was adjusted to give the narrowest light beam : the ratio of irradiances in the planes of the front and rear windows was 1.011. Preliminary measurements of photon irradiance were made with a modified chamber using a cosinecorrected quantum sensor (Macam Photometrics) connected to a Keithley 485 picoammeter (Keithley, Reading, UK), at three positions in the chamber : A, against the inside face of the front window ; B, in the plane of the inside face of the back window ; C, against the outside face of the back window (Fig. 1) . From measurements made with water and different concentrations of P. rubescens it was demonstrated that the irradiance I A at A was 1.104 times that measured at C with water in the chamber ; the irradiance at C was 1.043 times the irradiance I B at B with the suspension in the chamber. If these corrections are not applied an error of 4.7% results in the calculation of the mean irradiance, I m l (I A kI B )\ln(I A \I B ).
Measurement of cyanobacteria and physical factors in the lake
Calculations of the daily integrals of growth and photosynthesis of the P. rubescens population on each day from 10 July (Day 190) to 22 November (Day 325) of 1995 in Lake Zu$ rich were made using data collected by Micheletti et al. (1998) from the ratio of 2.116 µmol J −" obtained with the LI-COR sensor used previously by Micheletti et al. (1998) ; the photon irradiance values at the lake used here are therefore 0.8705 of those in Micheletti et al. (1998) .
To calculate the daily integral of photosynthesis, the data in a column were copied to column A of the Excel spreadsheet program ' ps-int.xls ', a slightly modified version of ' integral.xls ' of Walsby (1997) . In this spreadsheet the photosynthetic rate was automatically recalculated in each cell of a table comprising 21 columns (for the 1-m depth intervals), each of 288 rows (for the 5-min time intervals), a total of 6048 values. Daily integrals of photosynthesis were calculated at each depth, by integration of values in the columns, and for the whole water column down to 20 m, by integration of the column integrals (Walsby, 1997) . The spreadsheet is available at http :\\www.bio.bris.ac.uk\research\ walsby\ps-int.htm.
To calculate the growth rate at different depths and times of day the data in a column were copied to column A of the Excel spreadsheet program ' growrate.xls '. To calculate the daily integral of biomass change from the growth rate a similar procedure was followed with a spreadsheet ' growint.xls '. Details of the two spreadsheets are given later ; the latter is available at http :\\www.bio.bris. ac.uk \research\walsby\grow-int.htm.
To calculate the daily integrals at each depth for each of the days of the investigation period a macro program was set up to automate the transfer of data from ' zurich95.xls ' to ' grow-int.xls ' and collect rows of integrals in a third spreadsheet : the procedure for the 136 d took 12 min on a Pentium PC. Table 1 . Note different scales on the abscissa. growth rates were calculated by regression analysis of the linear regions of semi-logarithmic plots of cell concentration and age of culture (Fig. 2a) . The exponential growth rates (in d −" ) calculated from these measurements are plotted against the mean photon irradiance in the cultures in Fig. 3 . The plot of growth rate (µ) vs irradiance (I ) (given in the 12-h light period of each diel cycle) was of similar form to the photosynthesis\irradiance (P\I ) curve for Planktothrix (Micheletti et al., 1998) , showing light limitation at low irradiance and light saturation at high irradiance. In the first set of measurements the maximum irradiance investigated was 68.7 µmol m −# s −" , which was expected to produce inhibition of growth in this organism, associated as it is with deep, shaded habitats. In a second set of measurements on new cultures grown at irradiances of 1.4, 14.5, 114.6, and 198.6 µmol m −# s −" , extending the range to higher values, no clear evidence of photoinhibition was obtained (Fig. 3) . These results are similar to those obtained with Limnothrix redekei by Gibson & Foy (1983) .
  
Growth and irradiance
Most of the
In the light-limiting region of the growth curve there was evidence of growth at very low irradiances : interpolation suggested a compensation point of approx. 2 µmol m −# s −" in the 12 h period. (Note that for comparison with cultures grown in continuous light this is equivalent to only 1 µmol m −# s −" averaged over 24 h).
At the lowest irradiances investigated there was a gradual decrease in filament concentration (calculated from measurement of A (&! ). The rate coefficient describing the decrease in the dark, µ D , was k0.0203 d −" ; a similar rate was observed in the lowest irradiance (1.0 µmol m −# s −" ). There were lower rates of decrease at the next lowest irradiances (1.4 and 1.7 µmol m −# s −" ) ; evidently, photosynthesis in these cultures offsets only part of the respiratory losses. At higher irradiances the rate coefficients were positive.
Equations describing the growth rate\irradiance curves
The data plotted in Fig. 3 can be described by a modification of the equation of Smith (1936) for P\I curves, in which the photosynthetic rates are replaced by growth rates. The net growth rate at photon irradiance I is given by :
(µ D , growth rate in the dark (a negative rate) ; φ m , maximum gross growth rate, which is equal to the difference between the maximum net growth rate (µ h ) and µ D ; α, the gradient of µ\I (in units of (d µmol m −# s −" ) −" ) at rate-limiting irradiances ; I, the irradiance (in µmol m −# s −" ) delivered during the 12-h light period of the 12 :12 h light : dark cycle). A refinement is made to model the plateau in µ at the lowest irradiances, between 0 and I n , by substituting (IkI n ) for I in Eqn 1 :
and imposing the condition :
For the data on Pla 9316 in Fig. 3 the value of I n was set to 1.0 µmol m −# s −" and the value of µ D was set to k0.0203 d −" . This procedure gave an improved fit to the data. The values of φ m and α were determined by the least squares method (using the Solver software in Excel) : Table 1) . The irradiance at which µ l 0 was 1.76 µmol m −# s −" ; this is the value of the compensation point, I C .
Calculation of the coefficients µ L from µ and µ D
The net growth rates, µ, calculated from these experiments represent the average value over the light and dark periods for the cultures incubated in 12 : 12 h light : dark cycles. In order to determine the rates expected in other daylengths and varying irradiances it is necessary to calculate the growth rates, µ L , for the corresponding light periods, which can be determined as follows. Consider a Planktothrix culture, growing on a 12 : 12 h light : dark cycle ; let the biomass be N ! at the beginning of the 24-h cycle and let the growth rate averaged over the whole 24-h cycle be µ when the irradiance during the 12-h light period is I. Putting t l 1 d, the biomass after 1 d will be :
For a similar culture kept in the dark over the whole cycle, the growth rate is µ D ; after 1 d the biomass will be N b l N ! exp(µ D t) and after the first 12 h it will be :
If the first culture grows at the same rate (µ D ) in the dark for the first 12 h (see below), its biomass after 12 h must also be equal to N c ; during the second 12 h, in the light, the biomass increases to N a (Eqn 1) and therefore :
(µ L , growth rate during the 12-h light period at irradiance I ).
Combining Eqns 5 and 6 :
But, from Eqn 4, N a l N ! exp(µt) ; therefore, when the length of the light period is t\2, then µ l (µ D jµ L )\2 and :
By using the calculated value of µ D and the measured value of µ in each of the cultures grown at the different irradiances, the corresponding value of µ L during the light phase of growth was calculated. These values were then substituted for µ in Eqn 2 to solve (again by the least squares method) the values of φ Lm and α L during the light phase ( light : dark cycles ; thus if the length of the dark phase is t D , the length of the light phase is (t kt D ) and the biomass after the 24-h cycle is given by :
Finally, in a culture in which the irradiance varies in successive time intervals, each of length t i , throughout the day, the biomass increase in each interval can be calculated from the equation :
(N " , the biomass at the beginning of the interval ; N # , the biomass at the end of the interval ; µ L" , the growth rate at the irradiance I " in the first interval). For the next interval the calculation is repeated with N # providing the new value for the starting biomass and µ L# , the growth rate at the irradiance I # in the second interval, substituted for µ L" . This procedure is used to analyse the growth in each successive interval and to determine the cumulative growth over the 24-h period.
Temperature correction : Q "! A similar analysis performed on growth rates of cultures incubated at 10mC in four different irradiances indicated a value of φ m l 0.0971 d −" (Figs 2b, 3) . The Q "! for φ m is therefore given by the ratio of the φ m values at 20mC and 10mC; Q "! l 1.48. The value of φ m at another temperature, Θ, is given by :
(Θh is 20mC and φ m Θh is φ m at 20mC). The same expression and value of Q "! is valid for the corresponding coefficients φ LmQ and φ Lm Θh .
By combining Eqns 2 and 11 an equation is obtained for calculating the growth rate at any combination of irradiance I and temperature Θ :
By combining Eqns 10 and 12 an equation is obtained for calculating the biomass at the end of an interval after growth at irradiance I and temperature Θ :
These equations can be used for calculating the potential growth rates and changes in biomass of Planktothrix populations in the water column of a lake. 
Calculations on growth of Planktothrix in Lake ZuW rich
Calculation of the potential growth rates from µ L . To calculate the potential growth rate of Planktothrix from the irradiance and temperature at each depth and time of day in Lake Zu$ rich a spreadsheet ' growrate.xls ' was made by modification of the ' integral.xls ' spreadsheet (Walsby, 1997) , replacing the equation for P\I in each cell of the calculation table with a version of Eqn 12. As in the ' integral.xls ' spreadsheet, the value of the irradiance I, at the specific time and depth for each cell, used in the equation is calculated as the product of I !t (listed for the time referenced to the left of the table) and I Z \I ! (listed for the depth referenced at the top of the table) ; similarly, the value of the temperature Θ, is that listed for the depth at the top of the table. In these calculations we used the growth-rate coefficients for Pla 9316 rather than those for Pla 9303 (Table 1) ; a recent survey has shown that filaments with the same genotype (GV2) as strain Pla 9316 were commonly found in Lake Zu$ rich, whereas those with the same genotype (GV1) as Pla 9303 were rarely encountered (Beard et al., 1999) .
The potential growth rates for each depth and time on the first day of the study, 10 July 1995, were calculated by transferring the data on I Z \I ! , I ! and Θ Z for this day in the column of ' zurich95.xls ' to this spreadsheet (see Fig. 4 ). On this sunny day, when the photon insolation was at the highest value in the period studied (50 mol m −# , equivalent to 58 mol m −# in Micheletti et al., 1998) , the irradiance was sufficient to support growth at depths down to 19.7 m at midday (between 11 : 00 and 13 : 00 hours).
Integration of the growth rate at each depth over 24 h showed that a net increase occurred at depths down to 18.0 m. The Planktothrix population was stratified in the metalimnion of Lake Zu$ rich on this day, with the maximum concentration at 13 m and almost all (98.7%) of the population above the 18.0-m diel compensation depth for growth. The same calculations performed for a very cloudy day (29 August 1995, when the photon insolation was only 4.2 mol m −# ) indicate that net growth for the day would have occurred only above a depth of 8.7 m, which was above the median depth of the metalimnetic population (12 m). Similar calculations of the net growth rate were performed for all 136 d of the study ; the average growth rates at each depth and each day are shown in Fig. 5a . The major trend, of course, is a decrease in the compensation depth for growth as the insolation decreases with shortening daylength and lower solar elevation : the compensation depth extended to nearly 20 m on sunny days at the end of July, but did not exceed 17 m after early August, 15 m in September, 13.5 m in October and exceeded 10 m on only one day in November. Superimposed on this trend are the effects of cloud cover, which decreased the compensation depth by as much as 4 m in the summer.
The changes in vertical distribution of the Planktothrix population (Fig. 5b) have been discussed in relation to the vertical distributions of irradiance, temperature and photosynthesis by Micheletti et al. (1998) . The conclusions are broadly similar for growth and photosynthesis ; most of the population stratified in the metalimnion during the summer was located above the compensation depth and within the 0.06 d −" growth-rate isopleth, but as it moved down to 15 m in early August (Days 211-222) it became unproductive on some cloudy days.
During the autumn, the peak of the Planktothrix population moved up and the upper parts became skimmed off and entrained in the epilimnion. This increased the light attenuation of the surface layers and, in combination with days of very low insolation, caused the metalimnetic peak to be unproductive. As the stability of the water column decreased, more of the population was entrained in the surface layers but a substantial proportion was still located in the metalimnion until the end of October. Thereafter, more of the population was circulated below the compensation point for growth. Even in this period, however, the increases in the surface layers exceeded losses below. To compare the potential gains and losses changes in biomass must be calculated.
Calculation of the potential rate of biomass increase from µ L . The change in biomass supported by the growth rate at each depth and time was calculated by a similar procedure to that already described but using a spreadsheet ' grow-int.xls '. In this, the first row of the calculating table contains the initial biomass (N "z ) at the beginning of the day in each depth, z. In the subsequent rows each cell contains a version of Eqn 13 to calculate the new biomass, after growth at the irradiance I and temperature Θ, at that time and depth. The last row gives the calculated biomass at each depth at the end of the day and the difference between the first and last rows gives the biomass increase over the day at each depth. Changes in biomass of the population can be determined by integrating the changes over depths down to 20 m.
The biomass changes calculated in this way for 10 July 1995 are shown in Fig. 6 . Integration indicated that the areal concentration of filament biovolume in the top 20 m increased from 151 to 162 mm$ m −# , with a mean growth rate of 0.073 d −" .
The daily integrals of biomass increase at each depth were calculated by integration of the values in each column of the calculation table in ' growint.xls ' ; the results for each of the 136 d are combined in Fig. 5c . This shows the main potential biomass gains were in the stratified summer population, the population centred near the thermocline in September and the population brought increasingly into the surface mixed layer in October. In early November (Days 305-310) the highest potential gains were made by the Planktothrix filaments accumulating near the surface. Such surface aggregations of P. rubescens in late autumn cause reddening of lake waters ; they are typical of a number of lakes (Walsby et al., 1983) .
The balance of the potential gains and losses for the population in the top 20 m of the water column is calculated by integration of the column integrals in ' grow-int.xls ' to give the daily integral of biomass increase. The results collected for the 136 d are shown in Fig. 7 . This demonstrates phases in potential growth : the increases in metalimnetic population in summer ; the low rate of increase (and even decrease on 4 d) in late summer ; the higher rates of increase accompanying the beginning of entrainment in the surface water ; the lower rate of increase as the population is completely entrained in late autumn.
Comparison of potential and measured biomass changes
In Fig. 8 we compare the changes in biomass of the Planktothrix population measured by sampling the lake population (Micheletti et al., 1998) with the biomass increase calculated for 7-d periods with ' grow-int.xls '. The calculated increase due to growth should usually equal or exceed the observed increase, which might not achieve the light-limited growth rate owing to nutrient limitation or might be subject to additional losses through predation, parasitism and lysis. The increase observed in the first period (0.35 d −" ), however, exceeds the maximum growth rate calculated from Eqn 9 for the 15-h daylength given by :
Eqn 14 (see Table 1 ). As suggested previously, part of the population increase must be due to continuing recruitment of filaments floating up from the overwintering population at greater depths (Micheletti et al., 1998 ; Walsby et al., 1998) . Six of the eight subsequent 7-d cumulative calculations show reasonable agreement with the observed changes, including the period of very low production matching the observed decrease in mid August. During the period of increasing entrainment, from late August (Day 246) to November (Day 308), the calculated increase matches the largest observed increases in three of the 7-d periods ; in other periods it exceeds the observed increases and indicates that losses must be occurring in the population. At the end of the period the cessation of population increase is explained by light limitation of growth.
For much of the latter part of the study the analysis indicates that either nutrient supply was limiting growth or losses were occurring from the population. One component of the loss must be the part of the population that was mixed or sank below the 20-m sampling depth after Day 233 (Fig. 5b) ; other potential losses are through grazing or parasitism. Overall, however, the calculated biomass changes show much closer correspondence with observed population changes than do the estimates based on measurements of photosynthesis (Micheletti et al., 1998) .
Comparison with integrals of biomass calculated from µ
A comparison was made of the procedure described for calculating the integrals of biomass using ' growint.xls ' with the simpler procedure of performing a single calculation of the daily biomass increase at each depth from the relationship between the growth rate averaged over 24 h, µ (see Eqn 4), and the daily insolation. The insolation at each depth was calculated as ΣI Z l ΣI ! I Z \I ! , where ΣI ! is the daily insolation (daily integral of irradiance) at the water surface ; the insolation below which µ l µ D is calculated as ΣI n l I n i86400 s d −" \2 l 43800 µmol m −# d −" for the 12 h of light in the 24-h period (see Eqns 2 and 3). The coefficients ΣI Z , ΣI n , φ LM Θh , and α (Table 1) are substituted for I, I n , φ LM Φ ' and α L , respectively, in Eqn 13 ; t i l 1 d and the other terms are unchanged.
The single integrals of growth calculated in this way are similar to the double integrals, through depth and time, calculated by the ' grow-int.xls ' spreadsheet for the first part of the study ; the single integrals are higher, however, for the later periods (Fig. 7) . The reason for this is that in the later periods a substantial part of the population occurs near the surface where its growth is light-saturated (I ! I k ) during the short photoperiod. The excess irradiance (I ! kI k ) contributes to the insolation ΣI ! used to calculate the daily growth rate, giving a spuriously high value of µ.
This comparison illustrates the advantages of making the more complex double integration. Now that the integration sheets have been prepared, the execution of the calculation is no longer a complex operation ; the only extra work involved is in saving the details of the changing irradiance throughout the day rather than using the single daily integral of insolation. 
The photosynthesis-irradiance response curve
The highest growth rates measured were lower than those calculated from the photosynthetic rates of Planktothrix in lakewater samples measured by Micheletti et al. (1998) . To investigate this discrepancy we made measurements of photosynthetic rate using the P. rubescens cultures.
Measurements of O # -production rate were made with a sample from a culture of P. rubescens strain Pla 9316 that had been grown on a 12 : 12 h light : dark cycle at a photon irradiance of 76 µmol m −# s −" in the light period. Measurements made during 3-min exposures to seven different irradiances between 0 and 500 µmol m −# s −" are shown in Fig. 9 : the curve fitted to the data points was calculated from the expression :
Eqn 15
(maximum gross photosynthetic rate (P m ) l 0.545 µmol ml −" h −" ; dark respiratory rate (R) lk0.089 µmol ml −" h −" ; gradient of P\I at rate-limiting irradiances (α p ) l 0.0088 µmol ml −" h −" (µmol m −# s −" ) −" ; and the (negative) gradient at higher inhibiting irradiances (β) l k0.025 nmol ml −" h −" (µmol m −# s −" ) −" ). The maximum net photosynthetic O # -production rate of the suspension was therefore P m jR l 0.456 µmol ml −" h −" . Dividing by the dry biomass concentration of the culture, 0.395 mg ml −" , gives the net maximum biomass-related photosynthetic rate P n l 1.154 µmol mg −" h −" . From this, the net maximum carbon assimilation rate related to cell carbon content was calculated as :
Eqn 16 (C r , the molar mass of carbon, 12 µg µmol −" ; C c \M d , the ratio of cell carbon : cell dry mass (0.49 : see Walsby et al., 1997) ; O e \C f , the molar ratio of O # evolved : CO # fixed). Williams & Robertson (1991) give a value of 1.34 for a typical algal cell assimilating nitrate, the nitrogen source used for culturing Planktothrix (see earlier). Therefore :
Eqn 17
This is the cell-carbon growth rate calculated from a photosynthetic measurement of 3 min duration. The relative increase in cell carbon over 3 min is therefore 0.0211\20 l 0.001055. From this the growth rate of cell carbon is calculated as :
This rate is 1.9 times the maximum growth rate (0.267 d −" ; see Table 1 ) and suggests that the efficiency of carbon assimilation for growth at the light-saturating irradiance is only 53%. Part of the difference can be explained by extracellular production, which can account for 30% of organic production in cyanobacteria (Fogg, 1952) . Another part is explained by the observation that at high irradiances the rates of photosynthesis are not sustained ; at 500 µmol m −# s −" the rate of photosynthesis was found to decrease with time of exposure, by nearly 1% min −" . This reflects the time-dependence of photoinhibition (Kirk, 1994) .
For these reasons the calculated carbon growth rate might exceed the growth rates of the organism. This explains why the models of biomass change based on growth rate correspond more closely to the observed population increase than do models based on photosynthetic productivity. It is possible to make measurements of time-dependent photoinhibition and to write mathematical descriptions of them (Pahl-Wostl & Imboden, 1990) , which can be incorporated in models of photosynthetic production (see Fig. 9 of Walsby, 1997) . It is difficult, however, to make the required measurements of photoinhibition following all the combinations of irradiance and duration that can occur in natural systems.
Comparisons with photosynthetic rates of natural populations
Micheletti et al. (1998) collected lakewater samples from the depth of the P. rubescens population maximum in Lake Zu$ rich and concentrated the Planktothrix filaments by filtering onto 8-µm pore size membrane filters and resuspending in lakewater. They measured the rates of photosynthetic O # -production related to the filament volume concentration in these samples ; the mean value of the net maximum photosynthetic oxygen production rate, P n , was the sum of P m (1472.4 µmol cm −$ h −" ) and R (k100.4 µmol cm −$ h −" ), 1372.1 µmol cm −$ h −" . This value divided by the estimated ratio of dry mass : cell volume (0.36 g cm −$ ) gave the biomassrelated rate of P n as 3811 µmol g −" h −" , or 3.811 µmol mg −" h −" . This is 3.3-fold higher than the corresponding value for the Planktothrix culture (P n l 1.154 µmol mg −" h −" ).
Three factors must contribute to the larger value in the natural sample : (1) the higher ratio assumed for cell dry mass : volume ; (2) the presence of other phytoplankton not removed by filtration ; (3) the higher P m values of other phytoplankton. Although Planktothrix accounted for 50-85% of the phytoplankton chlorophyll in the top 20 m of the water column (and a higher proportion in the metalimnetic peak), the presence of other organisms must have elevated the filament-volume specific rates. While it is desirable to investigate rates of photosynthesis in natural populations, these discrepancies point to the difficulties of attributing activity to separate components of the population.

Our purpose in investigating the growth rate of Planktothrix rubescens was to improve our understanding of growth in natural populations. Growth rate is the outcome of many complex processes and although its relationship to irradiance and temperature can be modelled by mathematical equations this does not imply that growth is regulated by a single rate-determining reaction (Monod, 1949 ; Dawes, 1965) . We chose the mathematical expression of Smith (1936) for its close correspondence with measured growth rates rather than for theoretical reasons (Jassby & Platt, 1976 ; Henley, 1993) . For temperature effects we have insufficient information and have used a model (Q "! ) that might be inaccurate at the temperature extremes. It is noted that the Q "! value obtained, 1.48, is lower than that reported for other phytoplankton organisms (Reynolds, 1984) . Foy et al. (1976) also reported that Q "! values for growth were lower when cyanobacteria were grown in light : dark cycles than in continuous light. The effects of spectral composition of light and nutrient concentration on growth could be incorporated in the spreadsheet analyses but further experiments are needed to determine the relationships.
Effects of daylength on growth rates µ L and µ
Our calculations of the daily integrals of growth rate were made over a period in which the length of daylight varied from 9.0 h (on Day 325) to 15.6 h (on Day 190). In calculating the instantaneous growth rate, µ L , from µ (Eqns 4-8) the assumption was made that the light-dependent growth rate was the same as in cultures grown under a 12 : 12 h light : dark cycle.
In other planktonic cyanobacteria, Foy & Smith (1980) showed that light was used less efficiently for growth in daily cycles with longer light periods. In Limnothrix (Oscillatoria) redekei the efficiency in a photoperiod of 9 h was 1% more than in one of 12 h whereas in a 15.7 h photoperiod it was 5% less ; in Planktothrix (Oscillatoria) agardhii, the corresponding values were 19% more and 21% less. These differences were found in cultures grown in photon irradiances that gave maximum growth rates (27 and 73 µmol m −# s −" , respectively) ; it was inferred that the effect of daylength would be less at limiting irradiances because the cyanobacteria would not accumulate more carbohydrate than could be assimilated in growth.
These results of Foy & Smith (1980) indicate that differences in daylength will introduce errors of 20%, or 5% if P. rubescens resembles the phycoerythrin-containing Limnothrix redekei ; investigations on Planktothrix are required. The errors will occur mainly in light-saturating irradiances during the longest days. In this period much of the Planktothrix population is confined to the metalimnion where it experiences lower irradiances. It is also assumed in our calculations that the rate of biomass loss in short periods of darkness is the same as that measured over several days in darkness. Further investigations are required to determine whether the rate of loss is linear over this period and if it is affected by the irradiance in previous light periods.
